The work discussed in this report was undertaken in an effort to clarify the problem of short ranges of mortar fire. It turns out that about two out of one hundred rounds reach considerably less than the expected range. This short round behavior has been of general concern for some time since it endangers friendly troops.
The immediate cause for short rounds is the development of large angles of yaw. This occasional growth of yaw cannot be explained by linear theory. It has, therefore, been suggested that these finstabilized projectiles are spinning, even when the fins are not canted, (Ref, l) and subsequent measurements showed that the resulting Magnus torque is nonlinear with respect to spin and yaw (Ref. 2 ).
There are then two aspects of the problem which have to be investigated: l) the generation of spin and 2) the effect of spin on yaw. The latter aspect of the problem is treated in this report for the particular case of the 8l-mm M56 shell. The method used here can, however, be applied to any shell.
As a result of the present analysis it will be possible to determine the combinations of values of yaw and spin which will result in large yawing motion. In addition, the results enable one to obtain an estimate of the spin generation which can produce these unstable conditions.
II. SPIRAL YAWING MOTION
The hypothesis that spin may be one of the phenomena explaining 
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the Magnus torque is highly nonlinear with respect to both spin and yaw, and that the linearized theory of the yawing motion is applicable only up to about 2 of yaw, and not up to some 10 as had been believed (Ref. 
x 20 22 L 2k trajectories. The nutational yawing motion will grow for angles larger than 13 ) it will shrink to zero for smaller angles. At zero yaw the precession appears to be building up resulting in a limit motion of circular precession at 7-5 ■ For angles larger than 7«5 the precession decreases and the same limit motion results. How the precession can build up starting from zero yaw is a puzzling question which cannot be answered by this analysis. What is happening will, however, become clear when the general epicyclic motion is discussed.
III. EPICYCXIC YAWING MOTION
The yawing motion along the two axes in Figure 3 is well determined by the analysis of Reference k, but the actual yawing motion of shell will not necessarily begin at a point where one of the two amplitudes is zero.
The trajectory describing the yawing motion will in general be a curve that can start anywhere in the plane of The effective values of 8 and 8 are obtained by the averaging process of the K-B method, and they represent the essential difference between the nonlinear and the linear solution.
Murphy then found it convenient to study the yawing motion in 2 2 terms of K and K_ , the squares of the sines of the nutational and precessional angles of yaw, rather than the angles of yaw directly.
If the scales along the two axes in Figure 
A certain amount of information is known about the trajectories before equation (8) he found hy the earlier method, limit epicycles. When the zero damping curves are hyperbolas there can be as few as one and as many as seven singularities in the first quadrant. In this particular case, the number of singularities increases from two to seven with an increase in spin.
They are of only three different types: stable nodes, saddle points, and stable spirals; the first two types occur on the axes, the latter correspond to the limit epicycles.
Besides zero damping curves and singularities there is a third factor determining the shapes of the trajectories. As mentioned above, there should be a curve going into a saddle point, the unstable equilibrium) which separates trajectories turning to one or the other side of the saddle. 
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The multipliers of the machine have a constant error of .2 volts, so that the products of very small numbers have high percentage errors.
In order to show the complete region of interest, including the large yaw limit motions, accuracy had to "be sacrificed. By rescaling the problem and solving for a small portion of the amplitude planes at a time one can, however, obtain the solutions to the desired degree of accuracy.
A short description of GEDA is found in Ref. At a spin of v = .0^5 ( Figure 6 ) the second branch of the a_ = 0 hyperbola has moved into the first quadrant, but it is still so close' to the origin that it cannot be seen. Similarly, the two right branches of the two hyperbolas do now have an intersection in the first quadrant, which is so close to the nutational axis that the singularity still appears to< lie on the axis.
As the spin varies from v = . 0^5 to v = .05 the transverse axis of the a. = 0 hyperbola goes through zero and at v = .05 ( Figure 7 ) the hyperbola has moved to the other side of the asymptotes. The intersection of the right branches of the two hyperbolas is here far enough removed from the axis to reveal that it is a limit epicycle and a spiral point, and that both singularities on the nutational axis are now saddles. The left branch of the a^ = 0 curve is now also far enough away from the origin to be discerned, and It is clear that the origin is now a saddle 2 while the intersection of the left branch of a ? = 0 with the K~ -axis defines a stable node of circular precession in agreement with closer to the origin, the angle of the node of circular precession is increasing, and the limit epicycle is moving farther away from the nutational axis and coming closer to the precessional axis.
The last of this series of plots for a spin of v = .25 ( Figure IO) shows one additional qualitative change since here the left branches of the two hyperbolas intersect in the first quadrant. The stable node on the precessional axis has become a saddle point and the limit motion for the stable case is now also a limit epicycle.
With these amplitude planes it is possible to predict the yawing motion of a shell for constant spin if the initial components of precession and nutation are given. The initial phase does not have to be known.
V. EFFECT OF SPIN VARIATION OK THE YAWING MOTION
The results of the preceding chapter indicate which angles of yaw can produce short rounds at given values of spin. However, since shell are extremely unlikely to have initial values of spin and yaw of the amount necessary to produce large yawing motion directly, an attempt was made to include the effects of spin generation by analysing the complete set of 16 amplitude planes simultaneously. This can be done provided the spin varies slowly enough so that the amplitude planes for constant spin do represent the instantaneous situation.
The type of analysis intended can he simply illustrated for the spiral yawing motion. Let initial conditions ( 5", v") he given on the stable side of the zero damping curve (Figure ll) . On this side the yaw is decreasing, and, for constant spin, the trajectory is represented by a horizontal line directed to the left. If the spin is increasing the trajectory will be bent upward. In the extreme case, where the spin increases much faster than the yaw, the trajectory will approach a vertical line directed upward, but as long as it is on the left side of the a = 0 curve it cannot go to the right. Hence, the intersection of the vertical line through the initial point, 5=5, and the curve of zero damping, a ~ 0, will define a lower limit of spin, V-, which can possibly produce large yawing motion,' i.e., if the spin X varies only between zero and v 1 , and does not exceed v , the yawing motion will certainly be stable. 
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Since the angle between the separatrix and the horizontal increases with 2 2 increasing spin for K p =0, the same will be true for K p ) 0 up to a 2 certain value of K ? . The graph indicates this fact in that the horizontal distances between the descending branches of the various separatrices 2 do not decrease as K p is increased, and, in fact, these distances do not seem to decrease until the separatrices reach their maxima. A theoretical justification for this observation, although no proof, is the fact that a low spin separatrix has both its vertical and its horizontal slopes at a 2 smaller value of K ? than a higher spin separatrix.
Besides the relation between the various separatrices, the relation between each separatrix and its trajectories is needed. Studying the converge, then they diverge. The curve giving the points on the trajectories of shortest horizontal distance from the separatrix will limit the 2 region in which the slope of the trajectories at a given value of K p decreases with distance from the separatrix. Below this curve the slope 2 of the separatrix at a given value of K Q can be considered as an upper 2 limit of the slopes of the trajectories at the same value of K p . 
